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Bisets and Idempotents for Fusion Systems

S1, So groups
(51, S2)-biset = a set X with (free) compatible right Si-action and left S>-action
Transitive (51, S2)-bisets: for P < Si, p: P — S injective

Sy X(ppyS1 =5 %51/ ~, (ye(u),x)~(y,ux) forxeSi,y€S,uecP.

An (51, S2)-bisets X can be viewed as a (left) (Si x S»)-set via (u,v) - x = vxu™".

Transitive (51 x S;)-sets: for P < 51, ¢: P — S, injective

S1x S/Ap Ap={(x¢(x) [ x € P}

@ [X] = the isomorphism class of (51, S;)-bisets containing X
o [P,el2 =[S X(p.y) S1]
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A(S51, S2) = the Grothendieck group of isomorphism classes of (51, S»)-bisets
= the free abelian group on the basis elements [P, ga]gf

0: A(52,53) X A(S1,5) — A(S1,S3), [Y]o[X] =Y xs, X]
QuIEe[P el = Y. lp (e(P)N@)pocoy]d
x€[Q\S2/»(P)]

0 e A(S1, %) = Z, e([X]) = [5\X] = |X[/|5]

e([YTo [X]) = e([Y])e([X])
A(S,S) = double Burnside ring of the group S (wrt the product o)

A*(S,S) = the set of the elements of A(S, S) with nonnegative coefficients (wrt
the basis elements [P, ]2)

A(S, 5)(p) = A(S7 5) KRz Z(p)
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F fusion system on a finite p-group S

A7(S,S) = Z-span of {[P,¢]2 | P < S, € Homz(P, S)}
Ax(S,S) is a subring of A(S, S).

An element w € A(S, S) is called right F-stable if

wolP,¢lp =wol[P,p]p whenever P < S, ¢ € Hom#(P,S);
similarly w € A(S, S) is called left F-stable if
[©(P), o % ow = [P,idp]5 ow whenever P < S, o € Homz(P, S).
If w=[X] € A™(S,S), then w is right F-stable if
X|(s,0) = X|(s,p) as (S, P)-bisets whenever P < S, ¢ € Hom#(P, S);
w is left F-stable if

X|(po-1,5) = Xl(p,s) as (P, S)-bisets whenever P < S, ¢ € Homz(P, S).
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Theorem (Broto, Levi, Oliver)

Let F be a fusion system on a finite p-group S. Then there are elements w € A%(S, S)
with e(w) # 0 mod p which are both left and right F-stable.

We call such an w a characteristic biset for F.

Example
Let F = F5(G),S € Syl,(G). Then

w=[Gl= > [SnS .l

x€[S\G/S]

Theorem (Ragnarsson)
Let F be a fusion system on a finite p-group S. Then

@ There is a unique idempotent wr € Ar(S,S)(p) with e(wr) =1 that is both left
and right F-stable.

@ An idempotent w € Az (S, S)(p) with e(w) = 1 is left F-stable iff it is right F-stable.

We call wr the characteristic idempotent of F.

Sejong Park (University of Aberdeen) Two Applications of Bisets and Idempotentsfor Fusion Amiens 2009 5/21



Control of Transfer

Definition

Let F be a fusion system on a finite p-group S.
Q@ A(S) =[S, 7] :=([Q,Aut+(Q)] | Q < S) the F-focal subgroup of S
Q@ 07(S) :=([Q, OP(Aut+(Q))] | @ < S) the F-hyperfocal subgroup of S

Theorem (Yoshida; Isaacs; Diaz, Glesser, P, Stancu)

Let S be a finite p-group which does not have C, C, as a homomorphic image. For
every fusion system F on S,

[S, F] =[S, N=(5)]-

Theorem (Tate; Gagola, Isaacs; Diaz, Glesser, P, Stancu)

Let F be a fusion system on a finite p-group S, and let H be a subsystem of F on S.
Then

[S,F] =[S, H] < O0%(S) = 05,(S).
In particular, F = Fs(S) iff [S,F] =[S, S].
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Transfer Maps

@ For G, H groups, A abelian p-group, and
w=YalPiol € AG. H)
iel
define
w) =Y ctrg o pf s H'(H, A) = H*(G, A)
icl
o If K is another group and n € A(H, K)(p), we have
H*(now) = H*(w) o H*(n).

o If F is a fusion system on a finite p-group and w € A#(S, S); i;l is right F-stable
with e(w) € Z;,, then H*(w) is split surjective onto H*(S, A)” and is multiplication
by €(w) on H*(S,A)

o If F = Fs(G),S € Syl,(G), take

w=[Gl= Y [SnS L,
x€[S\G/S]

then

H*([G]) = Z tgmsx 0Cx 0 rfmsx = rSG o tsc.
x€[S\G/S]
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@ This shows that the map H*(w) is a generalization of the transfer map in group
cohomology, equipped with “S-S-Mackey decomposition”. This enables us to
generalize Yoshida's theorem to fusion systems “intrinsically”, i.e. without resorting
to reduction (to finite groups) argument.

@ The same strategy almost works for Tate's theorem—uwhile Gagola and Isaacs’s
argument is almost entirely fusion theoretic, they use one (very easy) group theoretic
result in a crucial way:

Proposition
Let G be a finite group, S,L < G, G = SL, N =5SnN L. Then we have a bijection
L/N=G/S

induced by inclusion L — G.
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In the situation of Proposition, we have an isomorphism of (N, S)-bisets
SxnylL= G|(5’N)

induced from the multiplication map (x,y) € S x L+— xy € G. We have a similar result
for characteristic idempotents of fusion systems, which indeed establishes Tate's theorem
for fusion systems:

Proposition (Ragnarsson)

Let F be a fusion system on a finite p-group S. Let 0%.(S) < N <'S, and let Fi be the
unique subsystem of F on N of p-power index. Then

[N, en]i o wry = wr o [N, en]¥
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Finite Groups Realizing Fusion Systems

Definition
Let S be a p-subgroup of G. Define F = Fs(G) to be the category with

@ objects: all subgroups of S
e morphisms: Hom#(P, Q) = Homg(P, Q) for P,Q < S

Proposition

Let F be a fusion system on a finite p-group S. Then there is a finite group G
containing S as a subgroup such that F = Fs(G).

Proof.
Let [X] € AL(S, S) be right F-stable with ¢([X]) = |X|/|S| #0 mod p. Then

t: S = G := Aut(X|q,s))

u— (x+— ux)

is injective, and identifying S with ¢(S), we have F = Fs(G).
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Definition
Let F be a fusion system on a finite p-group S. Define the exoticity index of F to be the
number

min{log, [So : S|: S < So € Syl,(G) for some finite group G s.t. F = Fs(G)}.

Ambitious Question
Given an exotic fusion system F on a finite p-group S,
o What is the exoticity index of F?
o What are the finite groups G achieving the exoticity index?

Modest Goal
Given an exotic fusion system JF on a finite p-group S,
® Find X minimizing the index |So : S|.
o Cut down G further to H = (Ng(U) | U < S F-essential).
(Then still F = Fs(H).)

o Analyze H.
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e F fusion system on a finite p-group S
o [X] € AL(S, S) right F-stable, e([X]) = |X|/|S| Z0 mod p. Write
[X] = ZC,‘[P,‘,(,D,‘]? = Z C,'[S X(Pi,oi) S]7 ¢ >0,
icl iel
where [P,‘,(p;] #* [Pj,gﬂj] ifi£jel.
o Q =]l c(S/0i(Pi)) = 19| =2 cil S : (P = [X]/IS].

Proposition
Q@ G =S51Sym(Q).
Q@ «(S) € [Lie, (S 1Sym(S/p(Pi)))
© For u € S, the component of (u) in Sym(S/@i(Pi)) is us/y,p,)-
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Proof.
Fix [S/Lp,(P,)] = {t,'j}. Then
S Xppp S = H tj X S = H S as right S-sets.
j S/%i(P;)
Let u e S. Let oi(u) = us/e;(p;) € Sym(S/wi(Pi)). Then utjpi(Pi) = tio;w))wi(Pi). So

- —1,,-1
u(ty, x) = (uty, X) = (tioyw)() tig )y Ui X) = (tios)()> 97 (Eigsguygiy UE)s X)-

Therefore, the i-th component of ((u) is

(Wfl(t;;,l(u)(j)“tu)aUi(“)) € S18ym(S/¢i(Pi)).-

e B:=Sx---xS5<G(|Q times) = G = B x Sym(Q), G := G/B = Sym(Q).

@ (S)N B is strongly F-closed. In particular, if there is no strongly F-closed subgroup
of S, then ¢(S) = (S) = S.
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° [X]:= ZIEI,\S:P;\:p’ clPi, ¢ils

Proposition

Let F be a fusion system on a finite p-group S. Let [X] € A%L(S,S) be right F-stable
with e([X]) = | X|/|S| Z0 mod p. Let pj;: Pi — P; be the F-maps between subgroup
of S of index p with distinct [P;, @i ;]. Then there are integers co > 1 and cf') > 0 for

each i such that

Xl= > oS als,

a€eOut £(S)
= Y dNPeli+ D> (et pd )Pl
@ij,j extendable ®ij,j nonextendable
In particular, there exists [X] with

[Xo] = Z [S,0]s, [X]= Z [Pi, @113

aeOut £(S) p;,j nonextendable
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e S=pi*? panodd prime

° Z(S)=(2)=G

o Vi={(z,u) 2 CxC (0<i<p)
KLy U o () = 2

° ;i Vi—V, ‘P,J(Z) ':‘P,-,j(l—’:)—z

o U (ui) — (uy), ¥ij(ui) = uf”

@ F fusion system on S such that all the V; are F-radical:

Autr(Vi) 2 SLo(p) i ri, ril(p—1)
o f — |Out].‘1(5)| _ |V.7-'|r
p— r

(.. Consider the restriction map Autz(S) — Homx(V;, S).)
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Proposition

Let F be a fusion system on S &2 p}ﬁZ, p odd, such that all the V; are F-radical. Then
there is a unique minimal right F-stable [X] € AL(S,S) with |X|/|S| Z0 mod p given

as follows:

Xol= > [S.al3,

a€eOut £(S)

[Xi] = > [V, 013,

<p,.<‘.IEHom}-(\/,-,V-)

[XQ] = Z (f - rJ)[ uf) ¢u]s + Z ul w:,J]S

Vi £V ViZ Y
1<m<p-1 1<m<p-1

Note that X involves extendable morphisms. X is also left F-stable.

Question

For arbitrary fusion system F on a finite p-group S,
o Is a minimal right F-stable biset X with |X|/|S| # 0 mod p unique?
o Is it also left F-stable?
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Outx(S) | |V Autz(Vi) Group | p | f r e
Ds 242 GL2(3) (2 | 3| 4|22 8-121
SDys 4 GL2(3) I 318 2 | 16-121
45, 6 GL2(5) Th | 5|24 | 4 | 96-781
6°:2 | 6+2 | SLo(7) : 2, GLo(7) 7|12 | 2,6 | 72-2801
Diex3 | 4+4 SLa(7) : 2 7| 8 |22 48-2801
SDy x3 | 8 SLa(7) : 2 7116 | 2 | 96-2801

o e=|X|/|S|=e + e+ e =d+ pd + p°da

= (1 +p+p +p 4 ph)Outs(S) = £5Outx(S)
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Two Applications of Bisets and Idempotentsfor Fusion

e = |Xi|/|S|, di = ei/p'= no. of S-orbits in Q of size p’
do = |Out#(S)|
dr = (p + 1)|Out#(S)|

d> = (p + 1)p|Out#(S)|
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Action of G on Q

o If & € Aut+(S), we have
[X]o[S, a2 = [X] o [S,id]2 = [X],

and so

> clPigioal =Y clPi il

iel icl
For each bijective correspondence between the basis elements appearing in the above
equations (counting multiplicities), there is an element g € G = Aut(X|(1,s)) such
that ¢(u) = gug ™! for all u € Q and such that g € G preserves that bijective
correspondence.

o If ¢ = pgp € Autr(Vo), we have
[X]o [Vo,lﬂ]f/o = [X]o [VO’LVO]‘s/ov

and so
S > PnVewiocodly=>a . [PinVopiocly
i€l te[P\S/ Vo] i€l te[Pi\S/Vo]
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Writing out first few terms, we get

> Muaoyly+ > [Vo,pf oco i+

aeOut £(S) teS/ Vo
= > Mealwl+ Y Voof oclwliy +-- -
acOut £ (S) teS/ Vo

alv, and ¢} o1 are extendable, while a0t and ¢} o ¢ 0 9(t # 1) are nonextendable.

Thus

[Vo, a0 ]3, = [Vo, @13,
[Vo, Oé|v0]"\g/0 = [V, 905'/ ° 1#]\5/07
{[Vo, 0} o ceoy]iy berr = {[Vo, ¢f 0 ce 0 Y] b

And a similar correspondence can be obtained for the rest of the terms.
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In the case p = 3, Out#(S) = Ds:

8o

8V3

)()()‘( .........

8V3

( ........ )()()‘()()( ......... )( ......... )|
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Ng(Vo)-action on Q

Two Applications of Bisets and Idempotentsfor Fusion
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Let F be a fusion system on S =2 p_lﬁz, p odd, such that all the V; are F-radical. Let
[X] € AL(S, S) be the unique minimal right F-stable element with |X|/|S| # 0 mod p.
Let G = Aut(X|qa,s)), and H = (Ng(S), Ne(Vi) | 0 < i < p). Then H is transitive on .

Is H primitive?

H is primitive iff F has no normal subsystem on S.
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