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Attempt THREE questions

Calculators may be used ONLY for the arithmetic of real numbers or the numerical evaluation

of trigonometric, logarithmic and exponential functions. Calculator memories must be clear

at the start of the examination; in particular, the use of pre-stored programs is prohibited.

Marks may be deducted for answers that do not show clearly how the solution is reached.

Write an efficient algorithm, using a pseudocode of your choice, to find the minimum1.
element of a given list of integers.

The algorithm is to be run on an abstract computer on which each basic operation;
assignment, comparison between two numbers or incrementing a counter, takes one
unit of time. Show that the time T (n) for the algorithm to run on a list of length n
satisfies T (n) = O(n).

The timing of one such algorithm is known to be

T (n) = 3n− 1 + µ(n)

where µ satisfies µ(n) = µ(n− 1) + 1
n

and µ(1) = 0. Obtain an expression for µ(n) as
a series. By comparing with the area under a suitable curve, show that µ(n) satisfies
the inequality

ln n +
1

n
− 1 < µ(n) < lnn.

and thus obtain estimates for T (100).

Describe a Huffman code and give examples of circumstances when it (or a variant)2.
might be used. Illustrate your answer by constructing a binary Huffman code for the
string

A TEST EXAMINATION ANSWER

As well as deriving the coding tree, you should give your code for the word ANSWER.
Note that the string contains 12 distinct symbols, include the “space” symbol, and 25
symbols in all.

In what sense is a Huffman code optimal?



Consider the formal language L given by the following grammar.3.

• The alphabet is A = {a, b, c}.
• The abstract alphabet is A = {σ, α, β, γ}.
• The initial symbol is σ.

• The productions are

1. σ → aσβγ;

2. σ → aβγ;

3. γβ → βγ;

4. aβ → ab;

5. bβ → bb;

6. bγ → bc; and

7. cγ → cc.

(a) Prove that the string abc is in L.

(b) Prove that the string a2bcbc is not in L. If productions (4) to (7) are replaced by

(4′.) β → b; and (5′.) γ → c.

does this remain true?

(c) Prove that the string anbncn is in L for any n > 1.

(d) Give a simple description of the strings in L and give arguments to support your
claim. [A formal proof is not expected]

Let zn = 1, and assume that z 6= 1. Verify that4.

1 + z + z2 + · · ·+ zn−1 = 0.

Let ω = exp(−2πi/n). Verify that for any integer n > 1, the Fourier matrix Fn defined
by

Fn =
1√
n




1 1 1 . . . 1
1 ω ω2 . . . ωn−1

1 ω2 ω4 . . . ω2(n−1)

...
...

...
. . .

...
1 ωn−1 ω2(n−1) . . . ω(n−1)(n−1)




has inverse F̄n, the complex conjugate of Fn.

Explain how this fact can be used to derive an algorithm which takes time O(n log n)
to multiply two polynomials of degree n. You are not required to prove anything but
you should ensure that your notation is defined and that results you use, such as the
convolution theorem, are clearly stated.
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The algorithm is as follows:1.

algorithm min(x,n) // to find the minimum of x =(x(1),...,x(n))
begin

min = x(1)
for i = 2 to n begin
if ( x(i)< min )

min = x(i)
end
return (min)

end

In order to analyse the timing, we present the algorithm as a flowchart:

STOP

NO

YES

NO

F

E

D

C

B

A

YES

min = x(1)

i = 2

x(i) < min?

i = i + 1

i <= n?

min = x(i)

Figure 1: Flow chart to find the minimum element in a list.

We just want to count how many times each box is executed. Boxes A and B are only
executed once. Boxes C, E and F are on a loop that the program goes round n− 1 times, so
each of these is executed n−1 times. That leaves box D; suppose it is visited d times. Clearly
the minimum value of d is zero, which occurs whenever the list has its smallest element in
first place. And the maximum value of d for a list of n elements is n − 1. This will occur
when the list is in strictly decreasing order, so that the current value of the minimum has to
be updated on each step.
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Thus the time T (n) taken by the algorithm to find the minimum of n numbers lies in the
range

3(n − 1) + 2 6 T (n) 6 3(n − 1) + 2 + (n− 1)

or
3n− 1 6 T (n) 6 4n− 2.

In order to derive “average” values we assume that the lists that we are dealing with are all the
permutations of the list (1, 2, 3, 4, . . . , n). There is nothing limiting about this assumption.
We further assume that all these permutations are equally likely to be presented to the
algorithm. Clearly T (2) = 2.5 since step D will be visited on half of all “average” inputs.
Thus µ(2) = 1

2 , and so

µ(n) =
1
2

+
1
3

+ . . .
1
n

.

Consider now the diagram in Fig 2.

21 3 4 n-1 n

y = 1/x

Figure 2: Graph of y = 1/x.

By adding up the areas of the rectangles that lie above the graph we get

1 +
1
2

+
1
3

+ · · ·+ 1
n− 1

>

∫ n

1

dx

x
= ln n.

and so µ(n) > ln n− 1 + 1
n . Similarly, by adding up the areas of the rectangles that lie below

the graph we get

1
2

+
1
3

+ · · ·+ 1
n

<

∫ n

1

dx

x
= ln n

and µ(n) < ln n. Combining these we have

ln n− 1 +
1
n

< µ(n) < ln n.

Thus

3n− 2 + ln n +
1
n

< T (n) < 3n− 1 + ln(n).

In particular, if n = 100 we have 302.6053 < T (n) < 303.6052. [And the fact that this
estimate can be much improved was noted in the text.]
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A Huffman code is used when the input is from a limited character set, and contains inform-2.
ation that is redundant; a typical example is English text, in which the letter “e” occurs
significantly more often than random. One such application is in the “gzip” utility which is
based on the Huffman code.

We describe how to build the binary Huffman code by building the corresponding binary
tree. We start by analysing the message to find the frequencies of each symbol that occurs
in it. Our basic strategy will be to assign short codes to symbols that occur frequently, while
still insisting that the code has the prefix property. Our example will be build around the
message

A TEST EXAMINATION ANSWER

The corresponding frequencies are given in Table 1; we write the space symbol “ ”, in the
table as  .

A T E S X M I N O W R  

4 3 3 2 1 1 2 3 1 1 1 3

Table 1: Symbol frequencies used to build a Huffman Code.

Now begin with a collection (a forest) of very simple trees, one for each symbol to be coded,
with each consisting of a single node, labelled by that symbol, and the frequency with which it
occurs in the string. The construction is recursive: at each stage the two trees which account
for the least total frequency in their root nodes are selected, and used to produce a new
binary tree. This has, as its children the two trees just chosen: the root is then labelled with
the total frequency accounted for by both subtrees, and the original subtrees are removed
from the forest. The construction continues in this way until only one tree remains; that is
then the Huffman encoding tree.

N  A X M O W T E R S I
3 3 4 1 1 1 1 3 3 1 2 2

2 2 3 2
4 6 5

6 8
14 11

25

Table 2: Symbol frequencies used to build a Huffman Code.

[NB The particular order in which the symbols are displayed was determined by trial and error
in order to present the result in a tabular form in which only adjacent columns were merged.
It is not necessary to give a presentation in this form; crossing are perfectly acceptable.]

We now code the word ANSWER using this coding tree. Although this is a prefix code and
so spaces are not required, we include spaces between letters for clarity. We read up from
the bottom of the table, assigning 0 to a choice of a left hand branch, and 1 to a choice of
the right hand branch. The resulting code is then

010 000 1101 01111 101 1100
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The Huffman code has the prefix property; no character code is the prefix, or start of the the
code for another character. In the same way that the Huffman code was constructed, we can
associate a binary code with the prefix property to any binary tree. Given any binary tree
with the same set of leaf nodes, and thus able to code the same symbols, the Huffman code
is optimal in the sense that the corresponding coded message length is at least as short as
that from the given tree.

(a) We have3.

σ
(2)−→ aβγ

(4)−→ abγ
(6)−→ abc

and so abc is in L.

(b) We first show that a2bcbc is not in L. Any derivation must start as

σ
(1)−→ aσβγ

(2)−→ a2βγβγ

since this is the only way to derive a string with exactly two copies of a. If we apply (3)
at this stage, we are essentially forced to derive the string a2b2c2, as in part (c). However
making β and γ concrete involves using productions (4) to (7), and the opportunity to use
each of these is limited. We must start by using (4), since the others involve b or c. The
sequence

a2βγβγ
(4)−→ a2bγβγ

(6)−→ a2bcβγ

is then forced, and no further productions apply. Thus we cannot derive a2bcbc.

If productions (4) to (7) are replaced by (4′) and (5′), we can derive a2bcbc as follows:

σ
(1)−→ aσβγ

(2)−→ a2βγβγ
(4′)−→ a2bγbγ

(5′)−→ a2bcbc.

(c) We have the derivation

σ
(1)−→an−1σ(βγ)n−1 (2)−→ an−1a(βγ)n

(3)−→ an−1aβnγn (4)−→
an−1abβn−1γn (5)−→ anbn−1bγn (6)−→ anbn−1bcγn−1 (7)−→ anbncn.

Here, each odd labelled production is applied (n−1) times, while each even labelled production
is applied only once, and provides the “glue” to move to the next stage.

(d) We have L = {anbncn}; in other words, L consists of an arbitrary string of a’s followed
by the same number of b’s and concluding with the same number of c’s

To see why this is so; why anbncn are the only strings which can be derived, we essentially
follow the argument in part (b) It is not possible to make β or γ concrete unless we use
production (4); since until that is used there is neither b nor c available. But production (4)
cannot be used until after (2), which itself stops further use of (1). So at the end of this stage
we have anβ...γ and the intermediate symbols are equal numbers of β’s and γ’s. Note that
we can never make concrete a string containing cβ; and one will occur as it did in part (b)
unless production (3) is fully utilised. In this latter case we derive anbncn.



It is trivial to verify the factorisation4.

zn − 1 = (z − 1)(1 + z + z2 + · · ·+ zn−1).

The result follows, since we are given a zero of the left hand side and z 6= 1.

It is enough to show that F̄nFn = In,the identity matrix; we have then explicitly produced
an inverse. Since the jth row of F̄n is

1√
n

(1, ω̄j , ω̄2j , . . . , ω̄(n−1)j)

while the kth column of Fn is
1√
n

(1, ωk, ω2k, . . . , ω(n−1)k),

and since ω̄k = w−k, the entry in the (j, k)th place of the product is just
1
n

(1 + ω(j−k) + ω2(j−k) + · · · + ω(n−1)(j−k)).

We now distinguish two cases. If j = k, this is just (1 + 1 + · · · + 1)/n = 1, while if j 6= k,
it is zero by the lemma, since ω(j−k) is an nth root of unity, but is not equal to 1. It follows
that the product is the identity matrix as claimed.

Let

p(x) = a0 + a1x + a2x
2 + · · · an−1x

n−1

be a polynomial of degree n − 1, which we identify with a point in C n using the map p →
(a0, a1, . . . , an). For a and b in C n , define a ? b ∈ C n by

(a ? b)j =
n−1∑
k=0

aj−kbk,

where each index in the sum is interpreted mod n, so that for example a−1 = an−1 etc. Let
a = (a0, a1, . . . , an−1, 0, . . . , 0) and b = (b0, b1, . . . , bn−1, 0, . . . , 0) be points in C 2n Then

a ? b =
(
a0b0, (a1b0 + a0b1), (a2b0 + a1b1 + a0b2), · · · ,

(an−1b0 + an−2b1 + · · · + a0bn−1), · · · , an−1bn−1, 0
)
.

A calculation shows that if a and b are the coefficients of polynomials p(x) and q(x) respect-
ively, then p(x)q(x) has coefficients a ? b, at least when embedded in C2n to avoid circular
wrap-around.

Let a = (a0, a1, . . . , an−1) be a vector in C n , and define F in C n by â = Fn(a). Since the
Fourier matrix is unitary, we have a = F̄n(â), and so this transformation, the Discrete Fourier
Transform, is invertible. In this context, we need

Convolution Theorem

Let a and b be in C n . Then

Fn(a)Fn(b) = Fn(a ? b).

In other words, the discrete Fourier transform maps convolution to pointwise multiplication.

The convolution theorem suggest a different way of computing a ? b at least when we embed
a,b ∈ C 2n ; as the inverse transform of F2na · F2nb. In other words, we first compute the
Discrete Fourier Transforms of a and b, then compute the pointwise product F2na · F2nb,
and finally compute the inverse Discrete Fourier Transform to obtain a ? b. It turns out by
a careful arrangement of its operations, the Fourier transform can be computed using only
O(n log n) operations. This is known as the Fast Fourier Transform.


